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ABSTRACT: In this paper, the stability of general impulsive retarded functional differential equations with any time delay has
been considered. Many evolution processes are characterized by the fact that at certain moments of time they experience a
change of state abruptly. Consequently, it is natural to assume that these perturbations act instantaneously, that is, in the
form of impulses. Impulsive differential equations, that is, differential equations involving impulse effects, are a natural
description of observed evolution phenomena of several real world problems. Impulsive control which based on impulsive
differential equations has attracted the interest of many researchers recently. The method of Lyapunov functions and
Razumikhin technique have been widely applied to stability analysis of various delay differential equation. When Lyapunov
functions are used, it becomes necessary to choose an appropriate minimal class of functionals relative to which the
derivative of the Lyapunov function is estimated. This approach is known as the Lyapunov—Razumikhin technique. When
Lyapunov functionals are used the corresponding derivative can be estimated without demanding minimal classes of
functional. By using Lyapunov functions and analysis technique along with Razumikhin technique, some results for the
uniform stability of such impulsive differential equations have been derived. The obtained results extend and generalize
some results existing in the literature.
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1 INTRODUCTION

A Impulsive differential equations have attracted many researchers’ attention due to their wide applications in many
fields such as control technology, drug administration and threshold theory in biology, industrial robotics, sociology,
chemistry and so on. Many classical results have been extended to impulsive systems [1], [10], [11]. By Lyapunov’s direct
method, various stability problems have been discussed for impulsive delay differential equations[9] .On the other hand,
there have been many papers and monographs recently on stability analysis of delay differential equations [4], [8]. The
method of Lyapunov functions and Razumikhin technique have been widely applied to stability analysis of various delay
differential equations, and they have also proved to be a powerful tool in the investigation of asymptotical properties of
impulsive delay differential equations [3]. There are several research works appeared in the literature on impulsive delayed
linear differential equations. In this paper we will study the stability of impulsive differential equation for any time delays. As
a result criteria on uniform stability can be derived.

This paper is organized as follows. In Section Il, we introduce some basic definitions and notations. In Section Ill, we get
some criteria for stability of impulsive differential equations with any time delay. Finally, concluding remarks are given in
Section IV.
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2 PRELIMINARIES

Consider the following impulsive differential:

x’(t) = f(t, xt)’t * tk’t = tO

Ax(ti) = Le(te X ) k EN (i)

Xto =1

We assume that function f, I,: R, X PC([—7,0],R™) > R™) and n € PC([—7, 0], R™) satisfy all required conditions for
existence and uniqueness of the solutions for all t > t,.

The time sequence [t;]#% satisfies 0=ty < t; < -+ < tj, < -+, 1M, = oo,
Ax(t,) = x(t) — x(t;) and x;, x,- € PC([—7, 0], R™) are defined by x,(r) = x(t + r) and
x.-(r) = x(t™ +r) for -7 < r < 0 respectively. We shall assume that f(t,0)= I,(t,0) = 0 for allt € R, and k € N, so that

system (i) admits the trivial solution.

Given a constant7 > 0, we equip the linear space PC([—t, 0], R™) with the norm ||.|l; = sup_;<,<ollY(s)||. Denote
x(t)=x(t,o0,n), for 6= tybe the solution of (i) s.t.

x(o + 1) =n(s),se[-1,0].
We further assume that all the solutions x(t) of (i) are continuous except at t; ,k € N at which x(t) is right continuous.

Definition 1: The function V : R+ x R™ = R+ is said to belong to the class v, if we have the following.
1) Vis continuous in each of the sets [t;_;, t;y) x R™, and for eachx € R™"t = [t,_4, tx) kEN,
lim )z 0V (6 W) =V (¢t , x) exists.

2) V(t, x) is locally Lipschitzian in all x € R™,, and for all t > t,, V (t, 0) = 0.

Definition 2: Given a function V : R+ x R™ = R+, the upper right-hand derivative of V with respect to system (i) is defined

by D*V (t, x(t)) = lim sups_o+ % [V (t+6,x( t+6 ))-V(t,x(t))] .

3 MAIN RESULTS

In the following, we shall establish criteria on impulsive differential equation with any time delay for uniform stability.

We have the followings results.
Theorem 1: Assume that there exist a function V € vyand some positive constants p,c,c;, ¢;, €3 €4, €5 such that O<cs<1.

(@) allxll? <V(t,x) < c,llx|[?, foranyt € R* and x € R™
(b) D*V(t,(0)) < cV(t,p(0)), forallt € [t,_, t) kKEN
Whenever sV (t,(0)) = V(t + 1,9 ()) forr € [—1,0], where s > ae”7 is a constant, where @ > 1,8 > 0.

(c) There exist a positive constant &, where 0 < &,_; < 1,VkEN
— 1
s.t.V (b, p0) +1(t, 1)) < &V(t7,19(0)),2 < &y

(d) =(c3+ 5—4)( ty —tx_1) > Incs,,Vk € N the zero solution of (i) is uniformly stable.
5
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Proof: Let x(t)=x(t, t,, n) be any solution of the impulsive system (i) with the initial condition x, = n and v(t)=V(t,x).
We have:
allxll? < v(t) < c,llxl|P, whent # 1.,k =123.. (ii)

v'(t) < cv(t) + c,v(t — 1), forany 0= t,, n€ PC(Q)

Let x(t)=x(t,0,n) be the solution of (i) through (o, n).Let o € [T,,,_4, T,;,) for some m € N.

First of all we will prove that
v(t) <202 (i)
Cs

C1Cs

Where Q2 < ( )yp, foranyy >0

o
Observably, we know that for any t € ([o — 7, 6], there a a € [—1, 0] such that t= o+a
So, we have
v(t) =v(o+a) < ¢llxlI? <02 < z—zﬂz,c—r <t<o
So if inequality (iii) does not hold, then thereisar’ € (o, t,,) such that
v(r') > z—zﬂz >c,02>v(0)
Then from the continuity of v(t) in [0, T,,,), there existar; € (o,7") such that
C2

v(r) =202

Cs
V()< 2—292,6 —7<t<n
v'(r) =0 (iv)
From inequalities (iv),z—zﬂ2 >, 0%, v(t) < c,02
Fort € ([0 — 1, 0], it follows that there existr, € [ 0,7;) such that v(r;) = ¢,0?
vit)= c,Q%, 1, <t<n
v'(r,) =0 (v)
From the inequalities (iv), v(t)< E—zﬂz,c —1t<t<n
From the inequalities (v), v(t)= c,Q2t€ [y, 11 ]

“ for t€ [ry,11]

v(t+1)< 202 <20%r € [-1,0]
Csg Csg
So,v(t—1) < ciﬂz, te [y, 11]
5

v'(©) < (c5 + —5) v(b)
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r
YO (¢ +2)

v(t) — cs

s e 7 (o 2= e ) <
Loodrs [Des+2)de< [ (es+2)de = (e +2) (tn = Tpor) < —lncs

At the same time

€242
nv'@® ) dy_ s dy _ (C_z 2) _ 2y- _
frz Yo 4= fv(rz) S e 5 = (20 In(c,0%)=—In cs

Which is a contradiction, so (iii) holds

From inequality (iii) & given conditions, we obtain

V(Ty) < csv(T,) < 02 (vi)
Next, we prove that

v(t)< z—inz,rm <t< T4 (vii)
If this does not hold,then there is @ € (,,,, Tp41)
Such that v(@1) > 2—292 > c,0% > v(1,)

5

From the continuity of V(t,x(t)) in (t,,,, T,s1), there exist a u, € (1, 1) such that

viu,) = 202

Cs
v(t)< 2—292,0' —T<t<u
v'(u)=0 (viii)
From the inequalitiesi—zﬂ2 > c,0%, V(1) < ¢,02

It follows that there exist a u, € (t,,,u;) such that v(u,) = 2—292
5

V(t)= Q% u, <t <uy

Therefore, for t € [u,, u,]

v(t+71) < 202 <—v(0)
Csg Csg
Sov(t—1) < civ(t), then for t € [u,, uy |
5
' o
v'(©) < (e + Cs)v(t)

v'(t) ( 0_4) .
"0 <l|c;+ o (ix)

So, integrating (ix) in t € [u,,u,], we get

uq v'(t) u1( 5_4_) Tm+1( 0_4) B ( 0_4) ~ ~
L sodr < (s +2)de < [ (e3+2) de = (e3+2) (Ta = T) < =l cs
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At the same time

€242
u v'(t) _ v(u) dy_ EQ dy _ (C_z 2) B o
fuz v(t) dt = v(uz) y Y02 y In CSQ‘ n(c,0%*)=—Inc5

Which is a contradiction. So (vii) holds.

From inequality (vii) and given conditions, we have

V(Tins1) S C5V(Trme1) S ‘329‘2

By mathematical induction, we can prove that in general for k=0,1,2,...
v(t) < c,02

C2 2
U(t) < EQ‘ Tk S S Tk

UTmirsr) < 07

which together with inequality (iii) and the inequality E—zﬂz >, 02
provides v(t) < E—ZQZ,t >0
5
So, ¢ x| < v(t) < 2—292, t>o
5

lIxllP < Q2
C1Cs

1 2
lxll < ()PP <y,t>o0
C1Cs

Therefore, the zero solution of (i) is uniformly stable
Theorem 2: If c3,cs5,c be any constants and c,=max(cs,cs) then zero solution of (i) is uniformly stable
if c3(Ty — Ty—1) < —Inc,, fork € N.

Proof: Let ¢;>0, ¢,>0,¢,>0 be any constants. Let us consider that for y > 0, there exist Q > 0 such that

Where 02 < (ﬂ) yP

Cy+TCy
Construct a Lyapnov function v(t) € v, and let
cillx@I? < v(t) < e llx(ONP+Te sup_ror<ollx(t + )P
When t # 13, k=1,2,... we have v'(t) < c3v(t)

Forany o = t, andn € PC(Q), let x(t)=x(t,o,n) be the solution of (i) through (o,n). Let 0 € [T,,,_1, T,,) for some m € N.We

first prove that

v(t) < CZJ;—:C‘*QZ,G <t<T, (x)

When t=0, v(t) = v(0) < (¢; + 1c,)N? < (¢ +1¢,) Q% < C2tres) )2

c7
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So if inequality (x) does not hold, then there is 7 € (g, T,,,) such that
v(#) > %”4)92 > (¢, + 1¢4)0? = v(0)
7
Then from the continuity of v(t) in [0, T,,,), there existar; € (g,) such that

v(r,) = cz+rc4) o2
v(t) = CZ+TC4) Qo<t<mn
v'(rh)=0
From the inequalities%zc“)ﬂ2 > (¢ +1¢)02, v(0) < (¢, +1¢,)Q?, it follows that there exist a 7, € (g,1),
such that: v(ry) = (¢, + 7¢,) Q2
v(t) = (c;, +1c )41, <t<n
v'(r,) =0

Therefore integrate the inequality v’ (t) < c;v(t) int € [ry,17], we have

T V'(t) 1 Tm _ _ _
frz Yo s frz c3dt < frm_l c3dt = c3(Ty — Tpo1) < —In ¢,

At the same time :

Co +1'C4,)Qz

fﬁwdt = fv(rl)d—u = f( €7 & 1n (—CZ?C“) QZ) —1In((c, +7¢,)Q%) = —In ¢,
7

T2 v(t) v(r2) u Co+TCy)02 u
A contradiction, So (x) holds and from the given conditions we have
v(t) < ¢,v(ty) < (¢c; +7¢,)02

Similar to the proof before, we can easily get the following inequality

€2+7TC4) ~2
v(t) SC—79. yTm S U< Tq

By mathematical induction, we can prove that in general for k=0,1,2,...
v(t) < %T%)QZ'Tch SES Ttk
7

V(Tpirs1) < (63 +70,)02

Which together with equation (x) and the |nequaI|ty tea) ()2 > (¢, + 7¢,)Q? provides

v(t) < %wﬂz,t >0
7

Soc|lx(®)IIP < v(t) < %wﬂz,t >0
7

1
= 2
lxll < (Z=2)Par < y,t 20
Cc7€C1

Therefore the zero solution of (i) is uniformaly stable and the proof of the Theorem is complete.
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4

CONCLUSION

In this paper, we have considered the stability of impulsive differential equations with any time delay. By using Lyapnov
functions and techniques along with Razumikhin technique, we have gotten some results for the uniform stability of
impulsive differential equations with any time delay.
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