International Journal of Innovation and Applied Studies
ISSN 2028-9324 Vol. 8 No. 2 Sep. 2014, pp. 813-818

© 2014 Innovative Space of Scientific Research Journals
http://www.ijias.issr-journals.org/

Operation Transform Formulae for Generalized two Dimensional Fractional Sine
Transform

V. D. Sharma' and S. A. Khaprez

1Depa rtment of Mathematics,
Arts, Commerce and Science College, Amravati,
Amravati, Maharashtra, India

2Depa rtment of Mathematics,
P. R. Patil College of Engineering and Technology,
Amravati (M.S.), 444604, India

Copyright © 2014 ISSR Journals. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

ABSTRACT: Transform methods are widely used in many areas of science and engineering. For example, transform methods
are used in signal processing and circuit analysis, in application of probability theory. The Fourier transform (FT), used for
most of the signal processing applications, determines the frequency components present in the signal but with zero time
resolution. The fractional cosine and sine transform closely related to the fractional Fourier transform which is now actively
used in optics and signal processing. Application of their fractional version in signal/image processing is very promising.

This paper concerned with generalization of fractional Sine transform in distributional sense. Operational transform formulae
as linearity, scaling, derivative for generalized two dimensional fractional Sine transform are proved.
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1 INTRODUCTION

In the past decade, FRFT has attracted much attention of the signal processing community. As the generalization of FT,
the relevant theory has been developed including uncertainty principle, sampling theory, convolution theorem. However,
Fourier transform can be generalized into the fractional Fourier transform, linear canonical transform [1], Sine and Cosine
transform and simplified fractional Fourier transform [3]. They extend the utilities of original Fourier transform, and can solve
many problems that can’t solved well by original Fourier transform.

Fractional Fourier transform is defined as:

1 —icota
2n

0%(g(®)) =

icotas? [® . icotat?
e 2 e—icscast ;= g(t)dt
—00

It is the generalization of Fourier transforma = §=.n/2 It can be used for many applications, such as system analysis, filter
design, phase retrieval, pattern recognition, edge detection, etc. [4, 2] Fractional Fourier transform is useful for signal
processing. Fractional Fourier transform can be further generalized into the fractional cosine and sine transform. Since
Cosine and Sine transform is much similar to Fourier transform.
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11 TWO DIMENSIONAL GENERALIZED FRACTIONAL SINE TRANSFORM

Two dimensional fractional Sine transform with parameter aa f(x, y) denoted byF*(x,y), y) perform a linear operation
given by the integral transform.

FAf e ydwv) = [ [ Fxy)Ke oy, wv)dedy (1)
where the kernel,

i(x2 2 2,2
1—icota i(x?+y?+u?+v?)cota i(6

T
2 e ?sin(coseca.ux).sin(coseca.vy). (1.2)

K&(x,y,u,v) =

2T
1.2 THE TEST FUNCTION SPACE E

An infinitely differentiable complex valued function g on R" belongs to E (R") if for each compact set | C Sap

where,

Sap ={x,y:x,y €ER" x| < a, |yl £b,a>0,b>0},] ER"

sup

Ve, (@) = |D,’C’_’;,7(2)(x, y)| < oWhere, p, q=1, 2, 3....

xy
Thus E (R") will denote the space of all p€E (R") with support contained in S, , Sab

Note that the space E is complete and therefore a Frechet space. Moreover, we say that f is a fractional sine
transformable, if it is a member of E , the dual space of E.

The organization of this paper is as follows: We first provide the definition of distributional two dimensional fractional
sine transform in section 2. In section 3 we are discussed property of generalized two dimensional fractional Sine transform.
In section 4 we obtained proposition and proved scaling property of generalized two dimensional fractional Sine transform in
section 5. In section 6 we have proved derivative property.

2 DISTRIBUTIONAL TWO-DIMENSIONAL FRACTIONAL SINE TRANSFORM

The two dimensional distributional fractional Sine transform of f(x,y) € E*(R™) R") defined by
F&{f oy} = Frwv) = (f (0, 3), Ko (x, y,u,v)) - (2.1)

i(x?+y%+u+v?)cota (0
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K&(x,y,u,v) =

2m

Where , RHS of equation (2.1) has a meaning as the application of f € E* E*toKa(x, y,u,v) € EEE.

3 PROPERTIES OF TWO-DIMENSIONAL FRACTIONAL SINE TRANSFORM

LINEARITY PROPERTY

Fi{kyf1(x,y) + kaof2 (6, Y)Y, v) = ki FE(f1(x, ) + ko, FE(f2(x,¥))

Proof:

(ke fy (0 ) + kafy (69}t v) = f f (s fi(u,y) + Ko f (6, 9)) KECx, v, 1, v)dxdy

el fy (0 9) + kafy (o)}t v) = f f (s £ () KE G,y 1, v) ey + f f (o fo (e, 1)) KE e, y, 1, v) dxdly

EXka f1(x,y) + ko f,(6, )}, v) = lesa(fl(x: }’)) + ko E* (f2(x, )
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4 PROPOSITION

Generalized two dimensional fractional Sine transform reduces to Fourier Sine transform.

Proof: we know the generalized two dimensional fractional sine transform is

F“(f(x Y))(u v) = f f fl,y) ﬂel(x e +u2 = )Comei(a_%) sin(coseca.ux) sin(coseca.vy)dxdy

Putting «a =§

1-— lC0t7 i(x2+y2+u +V2)cot— T T
Fz(f(x y))(u v) = f f flx,y) —ne 2 sin (Coseci.ux) sin (cosecE. vy) dxdy

4 T
Fsz(f(x,y))(u,v)=\/;fo fof(x,y)sin(ux)sin(vy)dxdy

Fsg(f(x, y))(u, v) = F{f(x,y)}(w,v) where E,{f(x,y)}(u, v),v) denote Fourier Sine transform of f(x, y)

5 SCALING PROPERTY

IfFF* (f(x, y))(u, v), v) is generalized two dimensional fractional Sine transform of f (x, y),y) then

F&(f (ax, by)) (w,v) =

—i i u\2 | (v\2\csc?a.sin?0
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Proof: consider
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i(x2+y?)cota

FS“(f(ax, by))(u, V) = ABf f f(ax,by)e 2 sin(coseca.ux) sin(coseca.vy)dxdy
o Jo

s
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ax=T,by =Sx =

whenx =0,T =0wheny=0,S=0 whenx =o00,T =cowheny =o00,S = o0

oo L(T_ﬁﬁ)wm _ T\ S\ dT dS
Fs“(f(ax, by))(u, v) = AB f f f(T,S)e?\a? b2 sin (coseca. ua) sin (coseca. v E) —_—
0 0

a b
cota

. _AB [ Lp2124q252)e0te Ty
F{ (f(ax,by))(u,v) = f(T,S)e2 a?b? sin coseca.ua sin ( coseca. vb dTds
0 0

cota
letﬁ = cotf

FA(f (e, y)(w,v) = ab f f f(T,S)e z(bZTzJ'aZSZ)COte sin (CSCH (szg u) T) sin (csc@ (Cscg Z) )deS
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__csca E _ sinfu csca v Siné v g _
P= csc@a sinaa Q= cscO b Q= sina b Fs (f(ax' b}/))(u' v) =
AB (0 roo L(b2T2+a252)cot9 . csca u csca v
prs fo fo f(T,S)ez sin (csc0 (cscB a) T) sin (csc@ (cscB b) ) dTds

F&(f (ax, by))(u,v) = ‘:—l;fom fomf(T, S)eEi(bZTZMZSZ)C"te sin(csc6 PT) sin(cscd QS)dTdS — FE(f (ax, by))(u,v) =

%foo foof(T, S)ei((bnz+(as)2+P2+Q2)C°t9e%(PZJrQZ)Cow sin(cscf PT) sin(csch QS) dTdS

1A cscau cscav 2 bia
F&(f (ax, by))(u,v) = /1 iZZZ‘; /1 icotf 1 ‘(“ +v?)cotd _((cscaa) +(%eon) )C"feei(a—;)

f f f(T, .S’)e%((bT)ZJr(“S)Z_TZ_SZ)C‘”a e%(P2+Q2+T2+SZ)C°t9sin(csc@ PT) sin(csch QS) dTdS

—if (cscau\? | (cscav
Fs‘x(f(ax, by))(u, 17) = ’1_L_C0ta 1 —(u +v2)cot9 ((cscea) +(csc9b) )cot@ i(a— G)Fa (ez((bz—l)T2+(a —1)Sz)cot9f(T S)> (P Q)

1-icot6 ab

. Lffcscau 2 cscav 2
F*(f (ax, by)) (u,v) = /l_L.mm L g3(u*+v?)coto _((6569‘1) +(E5e55) Jeore

1-icot6 ab

ei(a—B)Fsa (e%((bz_l)(ax)z+(a2_1)(by)2)cot9f(ax’ by)) (P, Q)

—i i —ifu\2 , (v\2\csc?a.sin?@
1-icota 1 Luze2)eorn,7((3) +3) )=

a = i(a_e)
F(f (ax, by)) (w,v) = 1 —icotf ab

Fe (eé((bz—1)(ax)2+(a2—1)(by)2)00f9f(ax by)) (P, Q)

E(f (ax, by)) (w,v) =
i u\2 | (v\2\csc2a.sin? i
/Miea((uz“’z)“’“"((z) +(5) )P 20) o (e;((bz—l)(ax)2+(a2—1)(by>2)cot9 F(ax, by)> (P, Q)

1-icot6 ab

If Fs“(f(x, y))(u, v) is generalized two dimensional fractional Sine transform of f(x,y) ) then

E(f (o y)w,v) =

i(x2+y?+u?+v?)cota .
1 — icota l(a_z)[ csca f f flx,v)e 2 cos(coseca.ux) sin(coseca.vy)dxdy
21 i(x2+y2+u?+v?)cota |
+l cota f f x f(x,y)e 2 cos(coseca.ux) sin(coseca. vy)dxdyJ

Solution:

2 2 23,2
1-icota Lcota i(x?+y?+ul+v )cotae,(

FE(f oy @wv) = [ [2, f' (6 y) 2

i(x2+y?)cota

EX(f'(x,y)(u,v) = ABf f f'(x,y)ee 2z  sin(coseca.ux) sin(coseca.vy)dxdy

-%) sin(coseca.ux) sin(coseca.vy)dxdy

. i(u?+v)cota .0 m
A= 1oicote B = efel(a_f)

2m !

i(x2)cota o iy?)cota

EX(f'(x,y)(u,v) = ABf f'(x,y)e 2 sin(coseca.ux) dx f_ooe 2z sin(coseca.vy)dxdy
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E(f (o y)w,v) =

{ i(xz)cota . *
[e 2 sin(coseca.ux) f(x, y)]

© j(y?)cota
ABI e 2 sin(coseca.vy)dy

© i(xz)cota L(xz)cota
—f Ke 2 cos(csca ux) (csca.u) + ixcota e 2 sin(csca ux)) f(x, y)dx]

EE(f' (6, 9)) (w, v)
i(x2+y?)cota

= —AB [cscauf f flx,y)e 2 cos(coseca.ux) sin(coseca. vy)dxdy

i(x2+y?)cota

+ i cota J- J- x f(x,y)e 2 sin(coseca.u) sin(coseca.vy)dxdy]

i(x2+y?)cota

FS“(f’(x, y))(u, v) = —AB [csca uf_oow f_oooof(x, Ve 2 (eicsc""uX — isin(csca. ux)) sin(coseca.vy)dxdy +

i(x2+y2)cota

i cota ffcm ffcm x f(x,y)e 2 sin(coseca.u) sin(coseca. vy)dxdy]

FE(f' () (w,v)
i(x2+y2)cota

—AB [csca uf f flx,y)e 2 eleSCaUX gin(csca. vy) dx dy

® oo i(x2+y?)cota
— i csca uf f flx,v)e 2 sin(coseca.u) sin(coseca.vy)dxdy
© oo i(x2+y?)cota
+ icota f f x f(x,y)e 2 sin(coseca.u) sin(coseca.vy)dxdy
, o o i(x2+y?+u+v?)cota . @
Fs‘x(f (x, y))(u, V)= —cscau f_w f_w - LCOtaf( ,y)e 2 el(@=3) gicscaux sin(csca.vy) dx dy +
o o i(x?+y?+u?+v?)cota . m
icscau f_oof = womf( ,y)e 2 e' 2 sin(coseca.w) sin(coseca. vy)dxdy —
w o i(x2+y2+u+v2)cota . T
i cota f_oo [ 1-icota x f(x,y)e 2 e @2 sin(coseca. ) sin(coseca. vy)dxdy

FE(F (e y)) @, v)

1 - lcota . L(y +v%)cota ®© j(x2+u?)cota
= —cscau f 2 sin(csca. vy) dy f e 2 e'eSCrUX £, y)dx
—co

+ icscau FE(f(x,y))w,v) — i cota FE(xf(x,y))(u,v)

FE(f () ) v

— _cscau G (1)(17) f \] 2 \/1 — icota e%((XZ+u2)cota—i(cscaux)+2i(cscaux)) f(x y)dx

— icota 21

+ icscau FS“(f(x,y))(u, v) — i cota F'S“(xf(x,y))(u, V)
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Fs"‘(f'(x, y))(u, v) = i’ cscau [ ’1—?2”(1 G3(1)(v).1DFRFT (eZicsc“"le fx, y)) u] + icscau FA(f(x,y))(w,v) —

i cota FZ (xf (e, ) (w, v) (xf (x, ) (u, v)

FS“(f'(x, y))(u, v) = cscau /::ij G5(1)(v).1DFRFT (eZiCSC‘“'ux f(x, y)) u— + icscau FS“(f(x, y))(u, v) —

i cota F&(xf (x,y)) (w, v) (xf (x,3)) (w, v)

Fs"‘(f'(x, y))(u, V) = cscau ’1—1’2(:”01 G3(1)(v).1DFRFT (eZicsc“"le fx, y)) u- + icscau FA(f(x,y))(w,v) —

i cota FZ (xf (e, ) (w, v) (xf (x, ) (u, v)

G5(1)(v) = One dimensional fractional sine transforms

7 CONCLUSION

We have extended two-dimensional fractional sine transform in the distributional generalized sense and proved some
operation transform formulae.
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