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ABSTRACT: This paper deals with abstract version of the Cauchy Problem in fuzzy normed space. We define a Hausdorff measure of non
compactness for bounded fuzzy set to prove existence of solutions by using a sequential approximation of the abstract problem. As a
byproduct, we obtain a fuzzy version of the Cauchy-Kowaleskya Theorem for the generalized Hukuhara nonlinear partial differential
equations.
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1 INTRODUCTION

This paper deals with some abstract version of fuzzy Cauchy - Kowaleskya Problem in (abstract) fuzzy normed space for the existence
of solution to the problem:

ugH=A(tu)t €l cR,1=]0,a0[ a0>0

(1)
u (0) = uo.

In crisp and also in fuzzy cases (1) has been studied by many authors see for instance [3], [4] and [5] for the crisp case and [6], [7] and
[9] for the fuzzy case. Although, for the fuzzy case, the authors consider the nonlinear function A continuous in both of its variables. This
paper is concerned with the case where A could be only continuous with respect to u and measurable with respect to t. The lack of
compactness of the most of fuzzy normed or metric spaces could be a big deal for the existence of solution to the problem (1), and
therefore a big challenge that should be solved. For this purpose, it is natural to consider (1) under some non-compactness hypothesis.
In crisp case, such studies have been done by some authors, see for instance [4] and references therein.

In this paper, we define a Hausdorff measure of non-compactness for bounded fuzzy sets and prove some of its properties. We use
it to prove the compactness of some sequential of approximate solution of (1) under our hypothesis on A (t, u).

The paper in organized as follows.

. In section 2, we give some results on fuzzy normed spaces; we define a Hausdorff measure of non-compactness and prove
some of its properties.

. In section 3, we recall some results on generalized Hukuhara differentiability and stat and prove our main results

. In section 4, we give some applications of our main results for the fuzzy partial differential equations:

otgHu =1 (t, x, u, dxxgHu (t, x)) (2)
And : 0tgHu = F (t, x, u, OxgHu (t, x)) (3)
forueX=(E1, || - ||)where El=Rp.
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2 PRELIMINARIES

Let X be a non-empty set. A fuzzy subset of X is a mapping u: X —[0, 1]. where u(x) = 0 correspond to no membership, 0 < u (x) <1

to partial membership and u(x) = 1 to full membership; The a-level set [ulxis defined as
[ula={x € X: u(x) =2 a} foreach a € [0, 1]

Let us denote by E"the space of all fuzzy subsets of R" satisfying the following conditions
(1) wumapsR™onto/=10, 1];

(2) [u]ois a bounded set of R™;

(3) wisnormal, that is: there exists at least one point xo€ R™ such that u(xo) = 1;

(4) [u]ais a compact subset of R™ for all a € [; (5) u is fuzzy convex, that is
U (Ax + (1= A)y) = min(u(x),u(y)) forAel
(5) implies that [ul«is convex subset of R™ (Lakshmikanthan [6]). We have the following representation Theorem.
Theorem 2.1. [9]

If u EE, then

(i) [ulais a non empty, compact and convex subset of R™ forall a € I,
(ii) [ula2 € [Ulaz forall0<ai1<a2<1;

(ii) if (o) is an increasing sequence converging to o then [u]a= Trs1 [U]an .

Let us consider the mappings U’ Uai: ]0, 1] — R such that —eo < ua i< Uai< +eo, and let [ = {:cﬂ; eER:u
A R is areal interval and in view of Theorem 2.1 we can consider

@

], =[1I_,. I{forall0<ais1and [u], = cl (ﬂ()mg ul,)

7

The supremum metric on E”is defined by

Doo(u,v) = sup (max {[Ju, — v, |leo, lus —vf]o0) }
0<a<l

where | | w/ [-=maxisi |wi]| w € R™.

Dis a metric on E" (see Taghavi et al.[8]). Let us consider the pseudo-norm

[ lul| = Des(u,"0),
Where
Oifs=0
9(s) =
) {i Ootherwise
Then || - | |nsatisfies the following properties.
Theorem 2.2.

[]-]]n:E"— R+issuchthat:

@ Il-1=0iff u=0.

(2) [[N@ulln =[N - ||ull, forall A€ Rand u € E".
B) lu®vilns|lulla+]|v]]|n forallu,veE"

< x; <u} }. Then
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@ | |lulla=1|v]|n| £De(u,v), forallu,veE"
(5) Dla@u, boOu) =

(6) Doo(u'a "U) = H‘u @yH’U”n forallu,veE"and U @gHU is the generalized Hukuhara difference of u and v.

b—al- ||ul/,, foralla,b€Randu € E".

Proof.

(D) |lulln= Deo(u,0) = supocast (Max{| [t a| |, | |ta*| |)} and Des(u,0) = 0iff | |ua| |»=0= | |u*a| |-, therefore u=10.
(2) ForallA€Randu€E,

IA O ully = Doolu, 0)
=S (max { [ Mg lloos [Ny lloc) }

0<aox
= N s (o { s )}
= [Al- ]

(3) Forallu,veF,

Ju@® v, = sup {max {|/(u®v); |l [(ud0)]x)}
1

O<a<s

= sup {max ([Juy; + v} [, [ud +vlllo)}

0<a<l

< sup {max ([Jug lloo + 03 oo, 1 lloo + [0 o) §
O<a<l

< sup {max ([Jug [loo, 1 lloo) + max ([[o7 oo, 107 [loo) }
<<l

[l + [[0]ln-
(4) Forallu,veF,
| Hulla=TIvl|n| = |Des(u, 8) - Deslv, 8)| < Des(u, v)
(5) Foralla,b€Rand € E",
Dy(a®u, bOu) = sup {max {|lau, —bu,|lw, [ow) —bul)}

o]
0<a<l

= sup {max (‘b*(t|||’u;||oo, \bfa\HujHOO)}
O<a<l

= [b—alllulln.

(6) Weshowthat Do (u, v) = ||u ©gp v||n. Forallu, v € E" , u O, v € E™is equivalent to the existence of ¢ # ¢
suchthatu=v@®c.

Hence wu, —wv, % Oandu! — vl 0.
Hence
ot S vl = sup {mmace (o = v o 1 = v o)}
0<a<l
= Do (1, v).
Let us consider E” with the pseudo-norm | || | » then the fuzzy space (E", || - | |») is not linear.
On the other hand (E", D) is a complete metric space. Let us denote by We definean X = (E™, | - ||,,). open ballin X with center
a € X and radius R by

B(a; R)={u € E" | D=(u, a) <R}
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The closed ball is defined by
B (a; R) =cl(B(a; R))
Definition 2.3.
A subset B C Xis uniformly bounded if there exists a constant 8 such that
Bc B(©; 8)
Let B C X be the set of all uniformly bounded subsets of X, we define the diameter of B © X by

diamB = sup {||lu o,y v|, | uwe Bandv e B}
Definition 2.4.

Let {B (a; €))}ig, ai EE", € ER +, £;> 0} be a family of opens balls in X and let B c X be such that B ¢ Vig B(a; &), then {B(a;; €) }iais a
e-cover of B.

In general, if {U)ies € X is a family in X such that B € Vie U, then {(U)}eiis a cover of B.

Since X is not a compact space, we define a fuzzy non compactness measure:
Definition 2.5.

Let B €B be a uniformly bounded set of X. The mapping 8 : B — R + defined by 8(B) = inf{d > 0 such that B is covered by a finite
number of fuzzy subset of diameter less than d} is a Hausdorff measure of non compactness.

Proposition 2.6.

Let 8 : B— R+ be the Hausdorff measure of non compactness of the Definition 2.5. Then
a) B(B)=0iff Bis (relatively) compact.
b) Bisasemi-norm, thatis
(1) B(A® B) = |A|3(B) forallBeBandA€R.
(ii) 8(B1 D B2) < B(B1) + 8(B2) for all B1 € B and B € B.
c) IfBiC Bythen B(B1) < 8(B>).
d) 6(B1V B2) =max(8(B1), 8(B2))

e) Bis continuous with respect to Deo.
Proof.

We observe that (c), (d) and (e) are easy consequences of the definition of 8 and properties of fuzzy sets. So we prove (a) and (b).

(@) 6(B)=0if and only if ||u OgH UHH: 0 for all u and v € B that is D(u, v) = 0 which means that any open ball centered at u
contains v, for all v € B. There for, one can find a finite family of sets Bi= B(u; r), B2=,..,BoC @ such that 3 = \/?_, ;. Hence

(a).
(b) (i) By the property (2) of || - | |», we have

||A O] u“n = ‘/\Hlu'H'”

Let By, By, BpC Xand € >0be suchthat B = \/!_, B, and diamBi< 8(B) +&.
Since“)\ ®u egH /\ ® U“n - ‘)\luu @gH T;Hn, we have
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|)\| Sgp {”U egh’ ?"”'rt} - Sgp {”A ©u e_f}h’ A® ?f'Hn}
1 1
= diam(A ® B;).

Therefore
diam(A ® B;) = |\|diamB; < |M\(3(B) + ¢)

Hence 8(AB) < |A|8(B) since ¢ is arbitrary.

If A6=0, then
B(B) =28 ((%A)B)
= (%.(,\ ® B))
< ﬁ,ﬁ()\ ® B).
Therefore

IAB(B) < B(A® B)

Hence (b) is proved.

(ii) Let {Si}i_; be a finite family of subsets of X such that B1 C \/I_, S; and diamS; < 8(B1) + £, and let{Z7})_: another
family of subsets of X such that B, C \/_, T; and diamT; < 3(Bs) + 5. SinceB1 & B2 C V;_, S ® T}, by the

property (3) of | | - | |» we have
diam (S; & T;) < diemS; + diamT;
< B(BL) + 5+ A(By) +
= ((By) + B(Bs) + =.

SR

Hence (ii) is proved, since € is arbitrary.

3 THE CAUCHY PROBLEM

3.1 GENERALIZED HUKUHARA DERIVATIVE

Definition 3.1. [2]

Letu,veEX
U v P w

, v — wiged )
U O v = “"ﬁ{ (¢) v =ud(—1)Ow.

In the term of a—level set, we have
(@) Forn=1, [u,yv], = [min{u; — v,
(b) InE", the existence of [t],, ©in: [v],, does notimply u Sgx ¥ in general.

Definition 3.2. [6]
A mapping F : | — E"is Hukuhara differentiable at to € /if there exists F°(to) € E"such that

ul —ut}, max{u; — vy, vf —vl}]

358
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o ey F F(tgyOp Ftg + 1
lim (to +h) En Flto) and lim ( 0) O (to + )
h—0 h h—0 h

exist and are equal to F'(to). Limits are taken in (E", D).

From Definition 3.2, one gets the differential of the multivariate mapping Fo, a € [0, 1] given by
DFo(t) = [FO(t)] «
On the other hand, we have
Theorem 3.3. [6]

LetF:l—FE"

(@ For all t € I, there exists B > 0O such that the H-difference F(t+h)Sy F(t) and F(l) On
F(t-h)existforall0<h <.

(b) The set-valued mapping Fo, o € [0, 1] are uniformly differentiable, that is, there exists DFysuch that, there exists 6 > 0, and
Doo(Fu(t+ h) G Fu(t), Do Fou(t)) <e
and
Doc(Fult) ©umt Falt — h), DuFa(t)) < €

foralle>0and0<h<é.

That is
. E.y t+h e'in.,F;.} i S hDE\ t
fhng}” ( ) ! ; () Su ( )Hn=0 (4)
1—> 12
and
. R) (t) ewr, Er (t - h) eﬂ' th-F‘u(t)
}lilﬂ(l) [ ’ A [« = 0. (5)

Theorem 3.4. [1]

Let F: | —E*and denote Fqft) = [fa(t), fa*(t)], a € [0, 1]. Then F is differentiable if fa", f*are differentiable and, we say that:

(a) Fis((i) - gH)-differentiable at to€ I, if
[F'(to)], = [(f2) (o), (f)'(t0)]: @ €0, 1] (6)
(b) Fis((ii) - gH)-differentiable at to€ I, if
[ (to)], = [(f) (t0). () (to)]: @€ [0, 1] (7)
Definition 3.5. [1]

A point to € | is a switching point for F °if in any neighborhood V of toin the interior of |, there exist two points tiand tasuch that t1< to
<tand I1(6) holds at tzand (7) doesnot hold at tzor (7) holds and ( 6) doesnot hold.

I11(7) holds at t1and (6) doesnot hold at t2or (6) holds and (7) doesnot hold.
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Theorem 3.6. [6]
Assume F : I—Edifferentiable and doesnot have a switching point then, if F is integrable over |, we have
[ F'(s)ds = F(b) &g F(a) for =0, 1] CR

Proof. For all a € [0, 1] fixed, if there is no switching point, then we may prove that

b b

F(}:(b) = Fz.v(a') Bint / DFQ(S) or Fr.y(a) = Fa(b) Oint / DF(\(S) (8)
3.2 MAIN RESULTS
Let X=(EY || - | |1) and consider the fuzzy differential problem
Wan=Alt u)tE | (9)

u(to) = ug,

Where
A:IxX— Xsuch,/ C R and to € | an open subset of R.
A(t, -) : X — Xis continuous.
A(:, u) : > Xis strongly measurable.
We consider the Cauchy problem (9) under the following hypothesis on A :
(H1) ||A(t u)||12C||u] |1+ M, where C>0, and M >0 are real.
(H2) There exists K >0 such that 8(A(/ x B)) < K8(B) for any B € B.
(H3) There is no switching point.

Our main result can be formulate as follows.
Theorem 3.7.

Assume (H1)-(H3) hold, then (9) has at least one solution.

We shall need some preliminary lemmas.
Lemma 3.8.

Assume (H1) and (H3) hold, then there exists an approximate solution of (9) in [to, to+ a] for some o > 0 small.
Proof.

Without lost of generality, let to= 0, u(0) = 0; and B c B(0, 6) for some § >0, be a bounded set in and X, a5 = min{a, ﬁ}
To=[0, ao] € [0, a]. Let us partition Tointo subintervals 0 <ti<t;<-- <tn=ao. Forany t € [t; tpal, j=1, 2, ..., N,(t — &;) @ A(¢, u(t))is well

defined, measurable on t for every u € B and continuous on u € B for a.e. t € |t;, t;11] = T(',j C Ty Therefore, we can define the
sequence (Un(t))ee, by:

v ift<0
w,(t) =< wu(te) ® (F —tr) © Alty, un(te)) ifs=0, t € [ty th]
(] ift>ao0

andforj=1, 2, ..., N we have us(ts) € B(6, ). Clearly To= [0, ao] #® since 0 € To. We observe that
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/’ Alty, un(ti)ds = (t — 1) ® Alte, un(ty))  (10)

We may define t;, by {;, = %, k=1, 2, ..., N to partition To.
We first have to prove that:

(i)  unis uniformly continuous on ]-eo, ao).

(i) unis piecewise derivable on To.

(i) Forallt t°€ To, we have

[t (1) ©grr un(t')]1 = Sup {mas| (e )o (1) - (ttn) o ()l 1| ()5 (8) = () () o } }

Let us note by

DL (u, v) = |lud — v |l andDoc (4, v) = [lug — v, [l
Hence
Do*(un(t), un(t%) = | | (un)*a(t) = (Un)a*(tc) + (un) alti) = (Un)'a(t®) | |-
= || (t-t) At un(te)) + (t— ) A*a(ti, un(ti))| |-
= || (t=t°) A'a(ti un(t)) | |-
= |t =t | |A*a(tiy Un(tk)) | | =
Similarly
D (t). wa(t)) = [t — #lI1A; (b, (1)l
Therefore

t =[] AZ (s un (1) loos [t = E I AT (Frs tn(£1)) oo }

() Sgrr wn(t)||i = sup {max{

O<a<l
|t — I Ak, un(t))lh
< |t = ¢|(Cp + M).

Ford < %37, [t — | < d,we have ||tn(t) Sgp ua()|l1 < €.

Thus un(t) is uniformly continuous on To. Since us(t) = “0 for all t < 0, we have, un(t) uniformly continuous on ]-o, o).
o o

(i) Forallt € Jty, tre] :Té“, consider h >0 small enough such that t + h and! — ETOI;, then u,(t + h) S, (1) is well
defined on 7}’ and
Doo(tn(t + 1) ©gp un(t), b © A(ty, u,(ty)))
= sup {max{||(u,), (t + h) — (w,), (t) — hA. (tg, wn(tx))|le
t 1

<<

() (+h) = () (8) = DAL (ths 1 () lloo } -

We have

k(Un)ta(t + h) - (Un)ta(t) - hAia(tk, Un(tk))k-xv= k[(t +h- t) - h]Ata(tk, Un(tk))kx= 0
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Hence
i (| () = ()i (0) — hAG (s walte)
h—0 h
So that
((un)3)'(t) = A (th, un(ti))
Similarly

((un) D) () = AL (B, un(ti))

Therefore, assuming that there is no switching point at tkand tk+1 for all 1 < k < N, then we have

!

(wn) g (1) = Alte, wn(ty)) (11)
Lemma 3.9.

Assume (H1) and (H2) hold. If un(t) is an approximate solution of (9), piecewise differentiable such that, there is no switching point at
tkand tiwifor 1<k <N -1, then

t
|wn(t) O un(to) OH/ A(s, u,(s))ds||1 < et — to

to

Proof.

Let to=0, t >0 and a partition of T = [0, t] defined by O < t< t2- < ty=tsuch that {x = 4, for k = 1, 2,-++ /N, for N> 0 large
enough, and ux(t) derivable on Jt; ti[, j = 1, 2= ,N - 1. Assume that (u., (¢ ) is bounded and measurable, which is possible by (H1), the
definition of us(t) and (11) and 2., (t) has no switching point. Then by the Aumann definition of fuzzy integral we have

un(tk+1) = un(tk) D |, ttkk“ (un)gH(s)ds

And by Lemma 3.8, and continuity of integral we have

tein
[ttn (trg1) ©n un(ts) 9H/ Als, un(s))ds||

iy

—H[“lmwﬂ)m%Auu<»wwl

"Lt

< [ s O Als, w(o)lhds < [ as

iy Sty

= €|tk‘+l — fk‘

Therefore

ot

[, (t) ©p 1l (0) O /

J0

A(s, un(s))ds] = | / un) () ©ir A5, n(s)))ds]l

= Z f (wn)ya () O Als. ()]l

k=1 "tk
e N1
<e / ds=eY |t —tel <elt],
k=1 "tk k=1
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for all t such that ]0, t [ < [0, aq).
Proof of Theorem 3.7

The standard way to prove existence of solution of (9) by mean of approximate solution is to prove that
1. (un(t)) n21is uniformly bounded and equi-continuous on [0, ao].
2. Using Ascoli-Arzela Theorem, (un(t)) n=1 converges or has a subsequence converging to a solution of (9).
Unfortunately, X is not a compact space and (2°) is not sufficient to have convergence. We must use a non-compactness argument.

Consider the differential equation

!

(tn) g () = Alt, un(t))
By (H3) and Theorem 3.6, we have
t
)

wn(t) St un(0) = [ (un), r (5)ds = £ A(s, un(s))ds
and

ta(t) Ot tun(0)]]1 < ] JAGs, tn(5)) .

By (H1), there exist C >0 and M >0 reals such that
-t ot
j |A(s, tn,(8))]|1ds < C/ [t (8)||1ds + agM., Ve >0
0 0

Since un (0) =0, we have

g
Jun(®lls < a0l +2)+ € [ fun(Dlds, Ve >0
J0

By the Gronwall inequality, we have
[ |un(t)] | 1< ao(M + €)e® < ao(M + £)e = Mo

Therefore (un(t))ms1is uniformly bounded. For t, t°€ [0, ao], we have

i
tn() O (@)1 = | f Als, un(s))ds]ls
l(’

t

< f 1A, wa(s))]l1ds
tl

< |t =¥ (CMy+ M).

For § >0such that [t-t°| <§and § < we have

lun(t) 5 un(t')]1 < &

Thus (un(t))nz1is equi-continuous.

Let N>0in N, t € [0, ao] and define Bn(t) = {un(t) : n 2 N}. Then Bn(0) =0 and Bn([0, ao]) is bounded. Let w(t) = 8(Bn(t)), then w(t) is
continuous.

Indeed, by the property (b)(ii) of 6, we have, foralln>N
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Aua(®)}) = B{un(s)})

I/\

({“u( ) On “u( )})
,J’(|t — 5| @ A(s, u,(s))
ol = @A(s By(s))

~ ([0, ao)).

A

Since Bn([0, ao)) is a bounded set, there exists do> 0 such that 8(Bn([0, ao])) < do. Therefore
If |[w(t) - w(s)| < |t-s|Kdo

Hence § < ,and |[t-s]| <6, we have |w(t) - w(s)| <&, foralle >0

K d[] + 1

Now w(t + h‘]) —w(t) and w(t) - ;ﬂﬁ —h) are well defined for all h >0 such that [t — h, t + h] C [0, ao].
1 1

Let

D_w(t) = lim infw

h—0+ h

Then

1
D_w(t) = lim inf d(} [un(t) O un(t — h)]), ¥Yn=>N.

h—0t )
= ;}3}]1+ T}giy{—;?(h @At —h, u,(t—h)))}
< A({(wn)yu()}). V=N
Let us choose h >0 such that Ih= [t - h, t] C [0, ao] and B(un(ln)) < enfor alln >N and €, 0 as n - =, then
B(Bn(lh)) < B(A(Ihx Bu(lh) B un(lh)) < B(A(Ihx Bn(l))) + B(un(ln)) < KB(Bn(lh) + €n
Using the equicontinuity of (un(t))s=1, we have Bn(ln) = Bn(t) as h = 0* with respect to the Hausdorff distance D-. Therefore :

D-w(t) <Kw(t) + &, foralln=N

Integrating over [0, t] for all t € [0, ao], and taking into account that w(0) = 0, we have

t
w(t) < j Kw(s)ds + =,ay
0

Applying the Gronwall inequality, we have
w(t) < enaoek®®
Since €, 0 as n = oo, we have

B({un(t)}) > 0asn > oo

Thus (un(t)) n21is relatively compact. Taking a subsequence, if necessary, we may assume that (un(t))n=1converges to u(t) € E

Let B C B (6, p) be a bounded set, using (H1) in B, we have
[A(s, un(s))[ |1 C[ [un(s)] |1+ M

<o +M=M,
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foralln>N, and s € [0, ao] such that un(s) € B. By (9) we have

nt
Uy (1) = g & / Als, uy(s))ds.

J0

Using the fuzzy dominate convergence (see e.g. [10]) we have

nt

u(t) = ug @9/ A(s, u(s))ds, t €0, ag)

Assume that

(H4) A : I x X == Xis locally-Lipschitz continuous on u. We have
Theorem 3.10.

Assume that A satisfies (H1), (H3) and (H4), then (9) has at least one solution on [0, ao).
Proof.

By Theorem 3.7, it suffices to show that (H4) implies (H2). Let L > 0 be the Lipschitz constant of A and B be a bounded set in X.

g N
Let {E}1 3 finite covering of B of diameter d, and d = inf; d. Then, for all u1, us € B, |[ui(t) Sy us(t)|; <d and

Hx’-'l([, ul(l')) O A([ 11,2([)”1 SL”Ul (f) e‘]] Ug(t)”l S Ld.
Hence B(A(l x B)) < LB(B).

Therefore, if we choose L = K, we have 8(A(/ x B)) < KB(B). Hence (H2) and we are done.
4 APPLICATIONS TO FUZZY NONLINEAR EVOLUTION EQUATIONS
4.1  GENERALIZED HUKUHARA PARTIAL DERIVATIVES
Definition 4.1. [1]

A fuzzy valued function of two variables is a relation that assigns to each ordered pair of real number in a set D C R?, a unique fuzzy
number denoted by f (x, t). The set D is then the domain of f and RrC EXsuch that Re={f (x, t) | (x, t) € D}is the range of f.

The a-level set for fis represented by [ f (. )], = [f., (x.t), f.F(x, )], foralla €[0, 1] and (x, t) €D. Note that f,, and f;| € R.
Definition 4.2. [1]

Let f: D— E'be a fuzzy valued function of two variables. We say that L € Etis the limit of f(x,t) as (x,t) — (xo,to) if for every € >0,
there is 8(g) > 0 such that if (x, t) € D with || (x,t) = (xo,to)| | <8, then|| f(x, ) ©g1 L||1 < e.

Definition 4.3. [1]

A fuzzy valued function f : D — Elis fuzzy-continuous at (xo,to) € D if lim(x,t)>(x0,t0) f(x, t) = f(x0, t0). f is fuzzy-continuous on D if it is
fuzzy-continuous at each point of D.

Definition 4.4. [1]

Let f: D —Ebe a fuzzy valued function. If fo(x, t) and f*(x, t) are differentiable with respect to x and t, then we say that f(x, t) is

(I - PgH)—-derivable with respect to x if

Oy [ (2, )], = [0S (2, 1), Duf(w, 1)]
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(I - PgH)—-derivable with respect to t if
ey it [F (2, )], = [O1fq (2. 1), Ot (2, 2)]
(- PgH)—-derivable with respect to x if
Oy_y [f (@, 1)), = [0cfd (2, 1), Duf (w, 1)]
(Il - PgH)-derivable with respect to t if
s [F (2, V)] = [Of (2, 1), Oufo (0, 1)]

We assume that 9xf (x, t) is (P— gH)-derivable at every (x, t) € D without switching point throughout the section. We have the following
definition.

Definition 4.5. [1]

Oxgrf (X, t) is

(I - PgH)-derivable with respect to x if for all (x, t) € D
Qs 10:f (2, )], = [Ouafiy (. ), Oua fiF (1)) (12)
(Il - PgH)-derivable with respect to x if for all (x, t) € D
Ouets-yu 100 (2. Do = (O3 (2, 1), Ducls (2, 1)] (13)
Lemma 4.6. [1]

Let f: D — E'be a fuzzy-continuous. If f is (P — gH) —derivable with respect to t, without switching point on [a, T] C [a, b] € R with
fuzzy-continuous derivative, then

fT Osp g [z, s)ds = f(z, 7) Ogn f(z, a) (14)

4.2  CAUCHY-KOWALESKYA THEOREMS
Let u: D C Rx R+ — E'be a fuzzy valued function, and define a fuzzy differential relation on D by
(‘%g” w(z, t) =k 8mg” u(z, t) d g (ulz, t)) (15)
where g: E* — Elis a nonlinear fuzzy function with fuzzy variable. We use the following initial value
u(x 0)=uo€ E*
Let X = (E', || - ||), where kuk = D(u, “0). We define a fuzzy operator A by
D(A) = {u € X: Oxgru, g(u) € X}
with

Aulx, t) =k © O yul, t) & glulz, ), ke R\ {0}
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We consider the Cauchy Problem
u(t)=Au(t)teICR,1=]0, aol, ao>0 (16)
u(0) = ug,
where 1i(t) = dwgru(x, t).
We assume that g satisfies the following assumptions.
(G1) g : X — Xis locally Lipschitz-continuous.
(G2) There exists Mo> 0 and C > 0 such that

[lgW)l<Cllul] +Mo.
Lemma 4.7.
If (G1) and (G2) hold, then (H1) and (H2) are satisfied.
Proof.
Set k=1in(15), then we have
Au(t) = A(t, u(x t))
=Dwou @ glu),
where D= Ougr. The a-level set of Au(t) is given by [Au(t)] , = [A, u(t). Alu(t)] where
Ajult) = (Dean ® (1) = (Daatt), + g ()
and
Afu(t) = (Deeu® g(w) ) = (Deatt) + g.f ()

We observe that (D;,,-_,fu); and (D;,,.;,,.u),f are linear and continuous for all « € [0, 1] and u € B, where B C B(6, p) is a bounded set. Let
Cy and Co be such that||(Durtt); lee < Cy and k(Drztt)f oo < Cik .

Therefore

| Dyaue|| = sup max (H(D-lraru); lloos H(D:mu): HOC) <Gy

(83

Where Cy = max{C;;, C; }, and by (G1), we have
HAU@) ] < [1Doul | +1gu)| | < Co+Cul| +Mo

Let M = Co+ Mo, then M >0and | |Au(t)|| £C||u|| + M. Hence (H1) holds.

N
Let C> 0 be the Lipschitz constant of g and B € X be a bounded set with finite cover {Ei }J‘:l of diameterd; j=1, 2., N. Letd =infd,
then for all urand u2 € B, we have

Jur (t) Sgrr ux(B)[| < d
and

lg(u1) ©gir gluz)|| < Cllur(t) Sy ua(B)]| < Cd.
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Since | | Dt | | Cofor all u € B, we have

||Da::r:ul egH D?::ruiZ” - ||Dx:.1r(ul egh" U-Z)” S C‘U

where Codepends on d. Let us choose Co> 0 such that Co= pd. Then

| Auy () ©gn Aus(t)|| < pd+ Cd = (p+ C)d.

Hence 8(A(B)) is well defined and 8(A(B)) < KB(B), where K =p + C> 0. Hence, (H2) holds.

Using Theorem 3.7 and Lemma 4.7, we have:

Theorem 4.8.

and

Assume (G1), (G2) and (H3) hold, then (16) has at least one solution on 1 =[0, ag] € R, ao> 0.

Consider now the equations

OtgHll = F(t, U, Oxgrll) (17)
u(x, 0) = uo(x) € E* (18)

Assume that :

(F1) Fis locally Lipschitz continuous with respect to the second and the third variables. That is, there exists L > 0 such that for all u,

u2€ Vand V C E'an open set

HF([. ul,é)rul) CD‘QH F([ Ua, aTUQ)Hl
< L([luy ©gu vl + [[0ur ©gn Opually),

(F1) There exist C:>0, C;>0and M >0 reals such that

[F(t u, on)[ |1 Cf [ul |1+ Gl [0t |1+ M

Using Theorem 3.7, we have:

Corollary 4.9.

Assume (F1), (F2) and (H3) hold, then the initial value problem (17)-(18) has at least one solution on [0, ao] € R
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