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ABSTRACT: A system of differential equation approach was used to model the dynamical spread of malaria where humans
and vectors interact and infect each other. Positivity of solution showed that there exists a domain where the model is
epidemiologically and mathematically well-posed. The basic reproduction number R, < 1 shows that disease can be
controlled in the environment, otherwise the disease persist and become endemic whenever Ry > 1. Also, the numerical
analysis performed shows that the most effective strategies for controlling malaria is to reduce the vector biting rate and
increased the human treatment.
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1 INTRODUCTION

Malaria is one of deadliest infectious disease caused by a parasite that lives part of its life in humans and the remaining in
vectors. Malaria is a major killer of humans worldwide, claiming the lives of millions of people around the world. Malaria is
widely spreads in the tropical areas of Asia, Africa, and Central and South America, where it affects millions of people. Each
year, about 350 to 500 million cases of malaria recorded globally. However, more than one million of its victims, mostly
young children, die yearly, although, malaria has been virtually eradicated in the United States and other regions with
temperate climates [22].

Malaria is caused by a single-celled parasite from the genus Plasmodium, different species of Plasmodium exist. They
produce malaria in various types of animals and birds, as well as in humans. Four of these species of Plasmodium commonly
infect humans. Each one has a different appearance under the microscope, and each one produces a somewhat different
pattern of symptoms. More than two species can live in the same area and infect a single person at the same time.
Plasmodium falciparum is responsible for most malaria deaths, especially in Africa. Suddenly, the infection can develop and
produce several life-threatening complications. With prompt and effective treatment, however, it is almost always curable.

Malaria parasite is transmitted to people through genus Anopheles mosquitoes. In rare cases, a person may become
infected through contaminated blood, or a fetus may become infected by its mother during pregnancy, or after delivery.
Also, because the malaria parasite is found in RBCs, malaria can also be transmitted through the unscreened, blood
transfusion, organ transplant, or the shared use of needles or syringes contaminated with blood. Many biological and
environmental factors shape the character of malaria in a given location, nearly all the people who live in endemic areas are
exposed to infection repeatedly. Those who survive malaria in childhood gradually build up some immunity. They may carry
the infection, serving as a mode of transmission by vectors without developing severe disease, [25].
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Having gone through the work of many researchers on mathematical modeling of malaria, but precisely the work of [11]
by incorporating the treated human and exposed vector

In this paper, we developed a mathematical model in order to assess the potential impact of biting rate and treatment
strategies on the dynamics spread of malaria taking both host and vector populations into account.

2 MATHEMATICAL FORMULATION

A system of differential equations are introduced to model the dynamical spread of malaria with control in two
interacting population of humans and vector, we divided the total human population N, (t), into Susceptible humans S, (t),

Exposed humans E(t), Infectious humans I ,(t) , Treated humans T, (t) and Recovered- humans R;(t)
e Ny () = S (0 + En () + 1,0+ T () + R, (). (2.1)

Unlike human population, we divided the vector population into three subclasses: Susceptible vector S,(t), Exposed
vector E, (t) and Infectious vector |, (t) .The vector remain infectious for life and have no recovered class. Thus, the total size
of the vector population at any time (t) is denoted by

Ny () =S, +E 0 +1,(0) (2.2)

The population of susceptible humans is increased through recruitment of humans (by birth or immigration) into the
society at rate 71, and by recovered human at rate ¢/ due to waning of immunity acquired after successful treatment. It is

decreased by infection acquired through bite with infected vector at rate @, and natural death at rate /4, .

This gives: %—St”:ﬂh +YR, —anS, - 'S, (2.3)

An exposed human is generated through infection of susceptible at rate @y, . It reduces due to progression of human from
dE
exposed to infectious at rate ky, and natural death at rate [/, . Thus d_th =a,S, — kB, — i En (2.4)

Infected human is generated through progression of humans exposed to vector at rate &}, It diminishes due to recovery

atrater , natural death at rate 4,, vector induced death rate J and treatment of infection human at rate 7 . Therefore
_—KhEh_th_(ﬂh+5)|h_nh (25)
The treated human is generated by the treatment of human from infection at rate 7 . It reduces through progression from
dT,
treatment to recovery at rate £ and natural death at rate /4, . Thus d_th =dy — €T — Uy T (2.6)

The recovered humans are generated by the recovery of infected human and the progression from treatment to recovery
atrate £ . It decreased by loss of immunity at rate ¢/ and natural death at rate {/;, . Thus

%:rlh+5Th —UR, — 1Ry (2.7)

The susceptible vector is generated through recruitment of vector (by birth or immigration) at rate 7, It reduced by

infection, acquired when susceptible vector bite infected humans at rate a,, and by natural death at rate £, . This yield

d
d_st/ =7 -ayS, T 1S (2.8)

The population of exposed vector is generated through infection of susceptible at rate a,, . It decreased by progression of

vector from exposed to infectious at rate k|, also by natural death at rate /4, . Thus

dd_EtV:avSV -k E —4E (2.9)
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The infected vector is generated through progression of vector from exposed to infectious class at rate «,, . It reduced by
natural death at rate £4,. Thus

dl,
dt =kE -y (3.0)

Equations (2.3) - (2.8) summarize the dynamics of malaria transmission with controlling measures. This lead to the
following system of nonlinear ordinary differential equations:

d
d_stqzﬂh*'th_ahSw_:uhSw
dE

dt“‘ahSq L=y
dl
d_th:KhEh_rlh_(:uh"'J)lh
dT,

=N~ €T, - 4T,

ot h h = Hnlh

d

o 1y + €T, - 4Ry~ 1R, )
d
d_s\/:n. avS — Sy

t

d

Ev_ VS~ KBy~ IE
dI

S ERET A

With initial conditions " (9) = Sno+ En(0) = Eno, 11(0) = 1ho, T (0) = Tho, Ry (0) = Ryo,
SV(O) = Sv01 Ev(o) = v01 v(O) - Iv0

where a,, = Pty and a, = = B #(En *1111)
Nv Nh

ﬂvh¢|v

\

in the model, the term denotes the rate at which the

. . . . E, +nl .
susceptible humans S, become infected by infectious female vectors |, and w refers to the rate at which the
h
susceptible vector §, become infected by infectious humans|,. It is important to note that the rate of infection of

susceptible human S, by infected vector |, is dependent on the total number of humans N, available per vector, [17].
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Table 1: Variables and Parameters description for the Malaria model

Variable and Parameters

Description

S,(t) Number of susceptible humans at time t.
E, (t) Number of exposed humans at time t.
NG Number of infected humans at time t.
T, () Number of treated humans at time t.
R, (1) Number of recovered humans at time t.
S (t) Number of susceptible vector at time t.
E, (1) Number of exposed vector at time t.
[, (t) Number of infected vector at time t
Np, (t) Total number of human population at time t.
N, (t) Total number of vector population at time t.
T, Recruitment rate of humans.
Y Rate of loss of immunity.
ay Force of infection of humans from susceptible state to exposed state.
M Natural death rate for humans.
K, Rate of progression of humans from the exposed state to the infectious state.
T Treatment of humans from the infectious state to the recovered state.
r Recovery rate of infected humans.
£ Progression rate from treated to recovered class
us Recruitment rate of vector.
a, Force of infection of vector from susceptible state to exposed state.
7y Natural death rate for vector.
0 Disease-induced death rate for humans.
K, Rate of progression of vector from the exposed state to the infectious state.
Bin Probability of transmission of infection from an infectious vector to a susceptible human
provided there is a bite.
B The probability of transmission of infection from an infectious human to a susceptible vector
provided there is a bite.
¢ Biting rate of vector.

The total population sizes are N, =S, +E, +1,, +T, + R, and N, =5, + E, + |, with their differential equations

%:di-y%-y%-y%.pdﬁ and %:d_s\/-yﬁ.p%
dt  dtdt dt  dt dt dt  dt dt (3.2)
=7 — Ny = d =71, — 4N,

3 INVARIANT REGION

The invariant region can be obtained by the following theorem.

Theorem 1: The solutions of the model (2.9) are feasible for allt > Oif they enter the invariant region Q =Q, xQ,.

Proof: LetQ = (Sh,Eh,I h,Th,Rh,S\,,EV,IV,)D Rff be any solution of the system (3.1) with non-negative initial conditions. In

absence of the malaria ,i.e. | h= 0, equation (3.2)

Hence all feasible solution set of the human population of the malaria model enters the region
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Qh:{(sn,Eh,lh,Th,Rh)DRE:snzo,Ehzo Ih20,Th20,Rh20,Nhsﬂ}.
Hn

Similarly, the feasible solution set of the vector population enter the region
_ 3. 7L,
Q,={(S,.E,.1,,)OR®:S,20,E, 20,1, 20,N, <~ }00

\
Therefore, the region Q is positively invariant i.e. solution remains positive for all temporal values.

Thus, the model (3.1) is biologically meaningful and mathematical well-posed or well present in the domain Q .

3.1 BAsic REPRODUCTION NUMBER RO

We use the next generation operator approach as described by [10] to define the basic reproduction number, R, as the

number of secondary infections that one infectious individual would create over the duration of the infectious period,
provided that everyone else is susceptible. Finally the basic reproduction number Ry is given by

O 0 O :thmh/lv
ﬂvﬂh
F= 0 0 0 0
Bl B P17%, 0 0
7Th,uv ﬂhﬂv
0 0 0 0
Kn + Uy, 0 0 0
V= Ky, r+u,+to+r 0 0
| o 0 K,+ 1, O
0 0 —Ky Hy
Therefore,

R, = Bin@rink, ( PPt B P78, K, j
TE, pn (Ky + L)\ TI (K + ) Tonfdy (K + fp)(F + iy + 0 +T)

(3.3)

3.2 LOCAL STABILITY OF THE DISEASE FREE EQUILIBRIUM

The local stability of the disease-free equilibrium can be analyzed using the Jacobian matrix of the malaria model at the
disease free equilibrium point. Using [27], the following theorem holds.

Theorem 2: The disease free equilibrium point for the model (3.1) is locally asymptotically stable if Ry <1 and unstable if

Ry >1.

Proof: The Jacobian matrix (J) of the malaria model (3.1) with S, =N, —(E, +1,,+T, +R,)and §, =N, —(E, +1,) at the
disease-free equilibrium point is given by

= (Kn + ) 0 0 0 0 ww
Thik
K —(r+ 4, +o+1) 0 0 0 0
IE,) = 0 r —(e+14) 0 0 0 (3.4)
0 [ £ ~Wwtm) O 0
ﬂnvm#h A’n//’?@/-fh 0 0 _(Kv+:uv) 0
ThHy ThHy
| 0 r 0 0 K, U |
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The eigenvalues of the Jacobian matrix are the solutions of the characteristic equation |J -l | =0.

This implies

2
(A+A)A+A)A+A)A+A)+(A+A) rkhi:fjﬂh _Kvkhﬂhggmﬁﬂh FA+A) Kvﬁfﬂgﬂh -0

Where A =K, + [, Ay =K+ o, A= fly, Ay =T+ fly + 5+

which is equivalent to the polynomial

ByA* + BA* +B,A% + B+ B, =0 (3.5)

Where

BI=A+A+A+A

By =AM+ AR+ AN+ AR+ AA + AA,

B = A+ ARA T AR, + A+ (T, | BT (3:6)
- A KnBn@PTh My _ KK WBinBo TG 1y AK BTk

B4 AiA2A3A4 + ﬂhAS nﬁA\f + ﬂhAS

Since solving the above characteristic polynomial for eigenvalues is tedious we will use the Routh-Hurwitz criterion to
determine whether all roots have negative real parts and establish the stability of the system without solving the
characteristic equation itself. We use the following lemma.

Lemma 1 (Routh-Hurwitz criterion): The roots of the characteristic equation have negative real parts if and only if all the
principal diagonal minors of the Hurwitz matrix are positive provided that By >0. For our case of a fourth order system, the
stability criterion is defined by the inequalities

B>0,B,>0,B,>0,B;>0,B,>0

B 1 0
ond dah) =8, >0ca) = & 1=58,>0, (<[ B, B, B |=BB8 -8 >0 B,y >0
2 0 0 B
B 1 0
B.
and det(H,) = % Bi 513 ) = By(B,B, - B;) ~B,Bf > 0.
0 0 0 B

Since all the determinants of the Hurwitz matrices are positive, then it means all the eigenvalues of the Jacobian (3.4)
have negative real part and Ry <1. Therefore, disease-free equilibrium point is stable.

33 THE ENDEMIC EQUILIBRIUM POINT

Endemic equilibrium points are steady state solutions where the disease persists in the population (all state variables are
positive). That is, E = (S'h], E'h], | 'h],TE, RhD, SVD, EE, IVD,)> Othis is obtained by setting the right hand side of (2.9) to zero and

solve, we have

S?:Kh¢15¢f‘¢iK1K2K3K4"'7ThK1K2K3K4 +l/f¢lK3Kh, EhD:ﬂ, |0= K8
JZLSLOLCL Ky "OKK (3.7)
04 ' Q]:@Kh(rg+rK3)' SID:_@"E'EE:ﬁJD: K@
KiKoKs " KiKoKsK, Hy Ks ¥ HKs
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Where Ky = K+t Ky =1+ (g +0) + T, Kz = €+ 4y, Ky =40 + iy, K = &, + 4

@ = Buind /S, = Brv@(En +1711)S, .

N

A

3.4

N

NUMERICAL SIMULATION

A numerical simulation of the model was performed for better understanding of dynamic spreads of the malaria in human
and vector populations. The simulation is conducted using a fourth order Runge-kutta scheme in Maple 17 software.

The parameter values defined in Table 3 were used with the initial conditions

S,(0) =13000, E,(0)=8000, 1,(0)=5,000, Th (0) =4,000, R,(0)=3000, S,(0)=9000, E,(0)=7,000,
I,(0) =5,000
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Fig. 1. The graph of dynamic spreads of malaria in human Fig. 2. The graph of dynamic infected human at different
compartments treatment rate
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3.5 DiscussiOoN OF RESULT AND CONCLUSION

Eight (8) new compartmental models were formulated to gain more insight into the dynamical spread of malaria. It
showed the existence and uniqueness of a domain where the model is epidemiologically and mathematically well-presented.
The model was analyzed for the disease free equilibrium and endemic equilibrium. Basic reproduction number ‘ R;’ which is

the baseline to determine whether the disease will die out or spread was calculated using next generation matrix method,
the result shows that, disease dies out whenever the threshold R, <lbut spreads when it exceeds unity i.e. Ry >1. Also,

numerical simulations illustrate that Figure 1: shows the distribution of human population with times in all classes. It is found
that initially the proportion of susceptible population decreases slightly in early childhood and increases gently to finally
reach its equilibrium this is due to treatment, as a result of that infection is minimized in childhood. In the initial stage of
treatment population, we observed that the treatment population was high this is attributed to the progression rate of
treatment of individual from malaria. After some times, we again see that the treatment population decreases steadily and
then remained constant for some times, this is because individuals who are accessing treatment are now leaving the treated
class to recovered class.

Recovered population increases due to the fact that those who are infected leaving the treated class after receiving the
treatment and remain constant for some times but later decline because of loss immunity.

Figure 2: illustrates the change in infected human at different treatment rate. Infected population initially was high but as
the treatment increases some children recovers and others die.

Figure 3: illustrates the change in recovered human at different treatment rate. Recovered population increased as the
infected class is reduced due to increase in treatment.

Figure 4: illustrates the change in susceptible population at different values of biting rate. Susceptible population was
reduced due to the biting rate of infectious vector as the biting rate is reducing susceptible becoming high.

Conclusively, the most effective strategies for controlling malaria are to reduce the vector biting rate and increased the
human treatment.

Table 3: Shows the estimated parameters and their sources for the model (3.1).
The rates are given per day.

Symbol Value Source

7, 0.000051 (5]

Y 0.011 Assumed
M 0.000043 [26]
Kp 0.071 [30]

r 0.143 [23]

r 0.02 [1]

& 0.6 Assumed
T, 0.071 [20]
M, 0.04 Assumed
0 0.0000027 [28]
K, 0.091 [8]
B 0.066 Assumed
By 0.42 Assumed
¢ 0.4 [8]

1 0.02 Assumed

ISSN : 2351-8014 Vol. 31 No. 2, Jul. 2017 232



S.0. Adewale, M.A. Omoloye, I.A. Olopade, and G.A. Adeniran

REFERENCES

(1]
(2]
(3]
(4]
(5]
(6]
(7]
(8]
(9]
(10]
(11]
(12]
(13]
(14]
(15]
(16]
(17]

(18]
(19]

(20]
(21]
(22]
(23]
[24]
[25]

(26]
(27]

(28]
[29]

(30]

Abu-Raddad L.J., Patnaik P. And Kublin J.G., (2006). Dual infection with Hiv and malaria fuels the spread of both diseases
in sub-saharan africa. Section 314(5805), 1603-1606.

Bayoh, M.N., Mathias, D.K., Odiere, M.R., Mutuku, F.M., & Kamau, L. (2010) anopheles gambiae: historical population
decline associated with regional distribution of insecticide-treated bed nets in western nyanza province, kenya. Malaria
journal 9.

Birkhoff, G., And Rota, C., (1998). Ordinary differential equations. 4th edition, john wiley and sons, New York.
Castillo-Chavez C. And Song B. (2004). dynamical models of tuberculosis and their applications, mathematical
biosciences and engineering, volume 1, number 2, september ,2004, pp. 361-404.

Central Intelligence Agency, cia the world factbook, 2007. https://www.cia.gov/library/publications/the-world-
factbook/index.html.

Chitins, J. M. Cushing & Hyman, J.M. (2006), “bifurcation analysis of a mathematical model for malaria transmission”,
submitted: siam journal on applied mathematics.

Chitnis N. (2005), “using mathematical models in controlling the spread of malaria”, ph.d. Thesis, program in applied
mathematics, university of arizona, tucson, az.

Chitnis, N. J.M. Hyman & Cushing, J.M. (2008), “determining important parameters in the spread of malaria through the
sensitivity analysis of a mathematical model”.

Diekmann, O. & Heesterbeek, J.A.P. (1999), “mathematical epidemiology of infectious diseases: model building, analysis
and interpretation”, wiley-blackwell.

Diekmann, O., Heesterbeek, J. A. P., (1990). On the definition and computation of the basic reproduction ratio in the
model of infectious disease in heterogeneous populations. Journal of mathematical biology, 2(1), 265-382.

Fekadu, T.K.&Purnachandra, R.K. (2015) controlling the spread of malaria disease using intervention strategies, journal
of multidisciplinary engineering science and technology, vol.2 pp.1068-1074.

Koella, J.C. & Anita, R. (2003), “epidemiological models for the spread of anti-malarial resistance”, malaria journal, 2.
Koella, J.C. (1991). on the use of mathematical models of malaria transmission, acta tropica (elsevier), 49, pp. 1-25.
Mandal, S., Sarkar, R.R. & Sinha, S. (2011) mathematical models for malaria, a review, malaria journal 10, pp. 202.
Mohammed, B.A., Yahya, A.H.&Farah, (2013) a mathematical model of malaria and the effectiveness of drugs, applied
mathematical sciences, vol. 7, 2013, no. 62, 3079 — 3095.

Momoh, A.A., Tahir, E. 0.& Balogun, 0.S. (2012) mathematical modeling of malaria transmission in north senatorial
zone of taraba state, nigeria, iosr journal of mathematics, 3(3) (2012), 7-13.

Mwamtobe, P.M. M. (2010), “modeling the effects of multi-intervention campaigns for the malaria epidemic in malawi”,
m.sc. (Mathematical modeling) dissertation, university of Dar es Salaam, tanzania.

Ngwa, G.A. & Shu, W.S. (2000), “mathematical computational modeling”, vol. 32, pp. 747-763.

Nita. H. Shah & Jyoti Gupta (2013), “seir model and simulation for vector borne diseases”, applied mathematics, vol. 4,
pp. 13-17.

Niger A Shrafi M And Gumel Abba B (2008),"mathematical analysis of the role of repeated exposure on malaria
transmission dynamics", differential equations and dynamical systems, volume 16, no. 3, pp 251-287.

Roll back malaria (2013) minutes of roll back malaria vector control working group 8th annual meeting. Technical report,
roll back malaria.

Samwel Oseko Nyachae, Johana K. Sigey Jeconiah A. Okello, James M. Okwoyo And D. Theuri (2014),"a study for the
spread of malaria in nyamira town - kenya, the sij transactions on computer science engineering and its applications
(csea), the standard international journals (the sij), vol. 2, no. 3 (1), pp. 53-60.

Tumwiine, Mugisha, J.Y.T. & Lubobi, L.S. (2007), “applied mathematics and computation”, vol. 189, pp. 1953-1965.
Tungmah, G.T.A (2012), “a mathematical model to control the spread of malaria in ghana”, thesis submitted for master
of philosophy in mathematics, kwame nkrumah university of science and technology, ghana.

U.S. department of health and human services national institutes of health, national institute of allergy and infectious
diseases, nih publication no. 07-7139, february 2007, www.niaid.nih.gov.

Unicef ghana fact sheet. (2013).

Van Den Driessche, P., & Watmough, J. (2002). Reproduction numbers and sub-threshold endemic equilibria for
compartmental models of disease transmission. Mathematical biosciences, 180, 29-48.

Who global malaria programme (2010), world malaria report 2010.

World health organization, world malaria report, who press, switzer- land (2012). Understanding malaria: fighting an
ancient scourge.

World malaria report (2011) technical report, geneva.

ISSN : 2351-8014 Vol. 31 No. 2, Jul. 2017 233



